Abstract This paper attempts to determine the certainty equivalent of an uncertain future cash flow or value through the option pricing method, and builds models of certainty equivalent and certainty equivalent coefficient. Based on the model of certainty equivalent coefficient, this paper further derives models of risk premium and risk-adjusted discount rate. The latter is a new capital asset pricing model (CAPM) accounting for total risk rather than with only the systematic risk accounted for as in the current CAPM. The reliability in relevant financial analysis, valuation, decision making and risk management may be enhanced with these new models.
Introduction
Decision making is always future-oriented. Financial decision making is no exception. All financial analyses and decisions, including those concerning investment, financing, risk assessment and valuation, should be based on forecasted future cash flows. Those forecasted or estimated future cash flows are their expected values, and their actual values are supposed to be around the expected values following the normal distribution. Therefore, such kind of expected values contain uncertainty or risk.
In order to reduce risk and improve decision under uncertainty, people hope to convert the forecasted future cash flows or values into their "certainty equivalent". Theoretically, the certainty equivalent is the certain cash flow or value which is equally attractive to the investors as the forecasted uncertain cash flow or value. However, neither academic research nor practical efforts so far have provided a reliable method to derive such a certainty equivalent. The current method to get the certainty equivalent at best is an experience-based fuzzy subjective estimation. Specifically speaking, in order to convert the forecasted value into its "certainty equivalent," we determine a "certainty equivalent coefficient" based on experience; then multiply the predicted value by the "certainty equivalent coefficient" to get the certainty equivalent. Understandably, the certainty equivalent coefficient is bigger than 0 and smaller than 1, which implies the certainty equivalent is smaller than its corresponding forecasted or expected value.
Regarding the certainty equivalent coefficient, all we know so far is that it is bigger than 0 and smaller than 1, and it increases with the decrease of the estimated risk. Beyond that, the common influential factors and the relationships between the certainty equivalent coefficient and its influencing variables remain unknown. Many people even believe that the influencing factors of the certainty equivalent coefficient vary too much across different cases. Therefore, it is impossible to abstract into the common variables. As a result, to put effort into building a general model is a waste of time. Accordingly, people in financial community have to be "satisfied" with the experience-based method to determine the certainty equivalent.
Although the concept of the certainty equivalent is correct and suggestive, it is hard to expect it play a proper role in theory and practice due to the lack of the reliable estimating method. In other words, to make the certainty equivalent be supportive of the related analyses and decisions, a more objective method or model has to be found. Actually, most of the financial calculations are lack of theoretical foundation without the certainty equivalent. Take NPV (net present value) as an example, being widely regarded as one of the most reliable methods in capital budgeting, the NPV actually could be unreliable.
A discount rate is needed to derive the NPV of a project. Traditionally, the discount rate is set as something around the weighted average cost of capital (WACC) of the firm. This does not always leads to the right decision. Just think that two firms facing the same investment opportunity. Suppose the WACC of firm A is 10%; the WACC of firm B, however, is 60%, due to a careless financing decision. If the return of the investment opportunity is 50%, according to the NPV rule, firm A should accept it; firm B should reject it. However, is it a rational decision for firm B to reject the project? Of course not, because it may be impossible for firm B to find a project with return over 60% or even 50%. Logically, the capital budgeting or investment decision precedes the financing decision. Hence the cost of capital or WACC is irrelevant to the investment decision. It is improper to use the WACC or something based on it as the discount rate in calculating NPV, although it is the popular method to determine the discount rate in most finance textbooks.
A more proper way is to determine the discount rate based on the risk of the project, called the risk-adjusted discount rate. The basic approach to determine the risk-adjusted discount rate so far is to use the capital asset pricing model (CAPM). The model takes the form as follows:
(1) where:
E(R i ) is the expected return or required rate of return on the i th capital asset, R f is the risk-free rate of interest such as interest arising from government bonds, β i (the beta coefficient) is the sensitivity of the asset returns to market returns, E(R m ) is the expected return of the market, E(R m ) -R f is known as the market risk premium. The model, introduced by William Sharpe (1964), 1 is based on the earlier work of Harry Markowitz's diversification and modern portfolio theory. Sharpe's CAPM is probably the only model available now for describing the relationship between return and risk.
2 Although this approach has been widely used in determining the appropriate discount rate, it has some serious limitations. For instance, it takes into account only the systematic risk or market risk rather than the total risk or firm risk. In reality, when a firm makes investment decision on a project, both the systematic risk and the non-systematic risk should be taken into account. Therefore, Sharpe's CAPM is not comprehensive enough for determining the appropriate or risk-adjusted discount rate. Another way to improve the NPV method is to use the certainty equivalent instead of the forecasted or expected cash flows, i.e., discount the certainty equivalents by risk-free discount rate. There are indeed (but not many) studies on the certainty equivalent, such as Hennessy and Lapan (2006), Kimball (1993) , Eeckhoudt et al. (1996) , Gollier and Pratt (1996) , Becker and Sarin (1987) , etc. However, these studies basically rely on the same assumption: the certainty equivalent of an uncertain future value is the certain value that can bring in the same expected utility without risk, as what shown in Fig. 1 . By doing so, the problem of modeling the equivalent is converted into the problem of modeling the utility. Therefore, the utility function is the key for these studies. Unfortunately, the utility, as a useful economic concept, is neither objective nor measurable; as it is impossible to build an objective model of utility, 3 the utility approach can not be the appropriate way to find the certainty equivalent either. This article tries to model the certainty equivalent and other related financial variables via a more objective way and finds a new way to model the relationship between the total risk and the required (or expected) rate of return, i.e., the risk-adjusted discount rate.
The rest of this paper is organized as follows. Section 2 discusses the relationship between the certainty equivalent and the risk equivalent, thus converting the problem of modeling the certainty equivalent into the problem of modeling the risk equivalent. Section 3 explores the nature of risk equivalent, and models it by using the option pricing model. Section 4 initiates the certainty equivalent model and the certainty equivalent coefficient model based on the risk equivalent model. Section 5 demonstrates the application of these models in capital budgeting and risk assessment. Section 6 develops the risk premium model and new CAPM based on the certainty equivalent coefficient model and illustrates the consistency among these models. Section 7 concludes the article.
Certainty Equivalent and Risk Equivalent
As stated above, certainty equivalent is smaller than its corresponding expected 3 Zeckhauser (2002), and Gollier (2002) identified the central role of preferences in determining how various aspects of financial risk taking change with age. Hara and Kuzmics (2004) studied the aggregation issues that heterogeneous risk tolerances raise when looking at risk sharing in representative consumer models of general equilibrium. Ghiglino and Olszak-Duquenne (2005) found implications of uniformly curved risk tolerance for determinacy of equilibrium in general equilibrium models with externalities. value (i.e., predicted value). Here, we define the difference between the expected value and the certainty equivalent as the risk equivalent. Using X to represent the expected value, d to represent certainty equivalent coefficient, then the certainty equivalent is Xd, and:
Equation (2) converts the problem of the certainty equivalent into the risk equivalent. In other words, the so-called certainty equivalent of a cash flow or value is its expected value minus the value reduction caused by the risk.
Therefore, the next step is naturally to scrutinize further the risk. As a general definition, risk is an uncertainty. According to the situation here, risk is the uncertainty of the forecasted cash flow or value. Of course, as an intuition or convention, risk here is mainly referred to the situation that the actual value is lower than the predicted one.
As shown in Fig. 2 , X represents the expected value of the forecasted cash flow or value; S represents the possible value of the cash flow or value. Because both the abscissa (horizontal) axis and the ordinate (vertical) axis represent the identical cash flow or value, the line representing the forecasted (possible) values is the straight line x starting from the zero point and up-wards at 45 Degrees. The expected value is point E in the straight line, its scales at both abscissa and coordinate are X. Therefore, the risk is represented by the lower part of the straight line x, i.e., the part below the point E. In order to eliminate the following risk, i.e., when S is smaller than X, the straight line x does not fall below E, we need a guarantee. The guarantee functions (provides value) as shown by the dashed line in Fig. 2 . Therefore, comparing with the risk-free situation, the forecasted cash flow or value needs a guarantee. This implies that the certainty equivalent equals to the expected value minus the guarantee value. Or, the risk equivalent equals to the guarantee value. According to Fig. 2 , just as what revealed in the extant real options research, the guarantee is a standard European put option.
4 Therefore, value of the guarantee equals to the value of the corresponding put. The risk equivalent equals to the value of the put, accordingly.
Risk Equivalent Model
Following the above rationale, a guarantee as a put can keep the actual value no lower than the forecasted value at the maturity time. We can find the risk equivalent by calculating the value of the put. In Fig. 2 , the strike price of this put is X. The maturity time, T, is the end of the period in which X occurs. The most convenient way to value such a standard European put is to use the Black-Scholes option pricing model, which takes the form:
Where, N (-d 2 ) and N (-d 1 ) represent the cumulative probability under standard normal distribution when the variable equals -d 2 and -d 1 respectively:
According to the Black-Scholes option pricing model, in Equation (4), (5) and (6), S is the current value of the forecasted value; X is the forecasted value at the maturity date; T represents the maturity time at which X occurs; σ is the annual standard deviation of the relative change of the forecasted value (often known as the volatility); 5 r represents the risk free interest rate, which can be derived from 4 Zhang (1999) proposed that a short position on futures contract with the same strike price and maturity time can also hedge the risk. However, to get a future contract (short or long position), you need additional margin (money), and the cost of the position is not easy to be modeled in terms of risk. 5 According to prior empirical research, the volatilities of stock returns in traditional industries usually range from 20% to 60% (see Andrew, Turner, and Weigel, 1992) ; thus, if a sector or a firm is at greater risk, then the volatility is closer to 60%; if a sector or a firm is safer, then the volatility is closer to 20%. Viewing from the structure of the firm risk, equity is relative riskier than debt. On the other hand, the firm's or project's cash flows are normally less volatile than that of the stock price. Therefore, the volatility of the firm or the project as a whole must range somewhat lower, for instance, from 10% to 40%, etc.
the yield of the government bonds. Option pricing model usually assumes a risk neutral environment, and assumes that various values or cash flows grow or discount at the risk free interest rate in the way of continuous compounding. The put or the guarantee is to ensure the forecasted value no less than X at time T. Therefore, the X and T in this paper are identical as that in the Black-Scholes option pricing model. The S in this paper is the present value of the relevant variable (variable X) in time T. Then S = Xe -rT and ln (S/Xe -rT ) = ln (Xe -rT /Xe -rT ) = 0. According to Equation (5) and (6), for the purpose of valuing the risk equivalent:
Notice that certainty equivalent and risk equivalent as well as the corresponding expected value are all occurring at the same future time T, rather than a present value. However, the value of the put derived from the Black-Scholes model is a present value. Therefore, the derived value of the put should be adjusted to its "future value" for the purpose of valuing the risk equivalent:
Equation (10) is the model of risk equivalent.
Certainty Equivalent Model
Based on Equation (3) and (10),
Equation (11) is the model of certainty equivalent. Accordingly, the model of certainty equivalent coefficient is:
For convenience, we refer to Equation (12) as ZZ model of certainty equivalent coefficient, or ZZ certainty coefficient model. If we regard the certainty equivalent as corresponding to the certainty equivalent coefficient, then the risk equivalent should also correspond to a coefficient. Here we define such a coefficient as risk equivalent coefficient, or risk coefficient v:
Likewise, we refer to Equation (13) as ZZ risk coefficient model. Based on Equation (12) and (13), both the certainty equivalent coefficient and the risk coefficient depend on two factors, i.e., two common influencing factors: One is the volatility of the forecasted value, the other is the time horizon. According to Equation (12) Therefore, these models illustrate that: the certainty equivalent coefficient reaches its maximum of 1 and the risk coefficient reaches its minimum of 0 under the situation of current or certain "forecasted" value; the certainty equivalent coefficient reaches its minimum value of 0 and the risk coefficient reaches its maximum value of 1 under the condition of infinite future or completely uncertain "forecasted" value; the larger of the volatility or/and the further of the time horizon, the bigger of the risk equivalent and the smaller of the certainty equivalent.
A Demonstration Example
For example, the initial capital investment of Project G and the following forecasted cash flows each year during the 10 years' project life are shown in Table 1 , in which the annual risk free interest rate is 5% (assumed to remain unchanged in the 10 years). Now, managers of the firm want to consider risk through the certainty equivalent (or the risk equivalent). If they believe the appropriate volatility is 25%, then the ZZ certainty coefficient and the certainty equivalent are shown in Table 2 . Theoretically, we can use risk free rate to discount the certainty equivalent. Based on the certainty equivalents of the cash flows, discounting at 5%, the NPV of the Project G is: If the managers believe the appropriate volatility is 15%, then the ZZ certainty coefficient and the certainty equivalent are shown in Table 3 . Based on the certainty equivalents of the cash flows in Table 3 , discounting at 5%, the NPV of the Project G is: As shown in Table 2 and 3, the certainty equivalent coefficient decreases with the increase of the "maturity" T and the volatility σ. Comparing with that the certainty equivalent coefficient ranges from 0 to 1, we now get much more insights from the ZZ certainty coefficient model and ZZ risk coefficient model.
Valuing the Risk
Besides accounting for the risk in investment decision, the ZZ certainty coefficient and risk coefficient models, of course, can be used to support other related decisions. For instance, in reality, there are indeed guarantees or insurances for promising corresponding cash flows or values, these kinds of guarantees or insurances may be priced based on the ZZ certainty coefficient and the ZZ risk coefficient. Table 4 and 5 calculate the corresponding risk coefficient and equivalent of the cash flows presented in Table 2 and 3. For consistency, we use the same discount rate to discount the predicted value, the certainty equivalent, and the risk equivalent. Based on the risk free rate 5%, the sum of the present value of each year's risk equivalent is 85.00, which is just the difference between the total value of the project without taking into consideration of risk and its total value of certainty equivalent, i.e., 384.26 -299.26 = 85.00. Obviously, neglecting the transaction cost (such as the operating cost and profit of the insurance company), the fair price of the guarantee or the insurance for the forecasted cash flows should be 85.00.
When the risk free rate is 5%, the sum of the present value of each year's risk equivalent is 51.48, which is just the difference between the total value of the project without taking into consideration of risk and its total value of certainty equivalent, i.e., 384.26 -332.78 = 51.48. Obviously, neglecting the transaction cost, the fair price of the guarantee or the insurance for the forecasted cash flows should be 51.48. This is less than the price when the volatility is 25%, which means the guarantee or the insurance is less valuable when there is less risk.
A comparison between the results in Table 4 and Table 5 shows that when it is hard to estimate the risk or the variable σ, to follow the conservative principle in decision making, the guarantee or insurance company can somewhat overestimate the risk of the underlying asset, leading to a relative higher price. However, to compete efficiently, it is obviously very important to estimate the risk and calculate the risk coefficient or even the price as precisely as possible.
Of course, it is equally important to know the precise risk coefficient and the price of the guarantee or the insurance for the guaranteed or the insured firms. Furthermore, discovering a new and effective pricing method can play a role far more important than what has been illustrated in the above example, i.e., set a standard or guidance for pricing. For the guarantee or insurance firms or other risk-related financial firms, the new and more effective pricing method may be a necessary precondition for new business development as pricing is an essential step for new business. As to financial products, such as the insurance or guarantee, pricing model or method is a must for the practical pricing. As empirical pricing model is seriously lacking, the invention of new theoretical pricing model determines the feasibility of the new financial business, to some extent. The celebrated Black-Scholes model and its applications have been a key ingredient to the booming of various financial derivatives in the past decades.
6 Risk Premium and the New CAPM As a rule, the risk-adjusted discount rate is the risk-free rate plus a risk premium (rate) corresponding to the risk. This implies that the most common financial calculation "discounting" can be divided into two steps: (1) risk discounting-use risk premium to discount the risky or uncertain cash flow to get its certainty equivalent; (2) time discounting-use risk-free rate to discount the certainty equivalent to get its present value. Conceptually, the certainty equivalent is a value after discounting at its risk premium. Therefore, the certainty equivalent coefficient can be regarded as "the risk discounting coefficient" in addition to the discounting at the risk free rate. When using c to denote the annual risk premium and discount at the risk in the way of "continuous compound discounting":
Hence,
i.e., c is a positive number.
Using k to represent the risk adjusted discount rate, and r the risk free rate, then:
Obviously, as a rate of return or cost of capital, k in Equation (16) accounts for the total risk. To maintain consistency, Equation (15) is referred to as the ZZ risk premium model and Equation (16) the ZZ risk-adjusted discount rate model or the ZZ capital asset pricing model or ZZ CAPM.
ZZ CAPM, different from Sharpe's CAPM, accounts for not only the systematic risk but also the non-systematic risk. Another difference worthy mentioning is that ZZ CAPM accounts for the effect of diversification among periods, while Sharpe's CAPM only accounts for the effect of perfect diversification among all securities or infinite securities. Thus the ZZ CAPM reveals explicitly an almost forgotten principle: regarding an investment in a security, the longer the holding period, the lower the risk. Hence, the successful experience from long-term investment (such as Warren E. Buffett) can be explained. Therefore, the ZZ CAPM implies that the risk premium and the risk-adjusted discount rate decrease with the increase of the number of the investment (holding) periods.
Again in the previous example in Section 5, when the volatility level is 15% and 25% respectively, the corresponding c and k are calculated based on the ZZ risk premium model and the ZZ CAPM as shown in Table 6 and 7 respectively. , means that the discounting can be divided into two steps: risk discounting and time discounting.
In Table 6 and 7, the c, or the annual risk premium rate as well as the risk-adjusted discount rate, decreases with the extension of the due time. As explained above, this is because the investment is better diversified with the increase of the periods and more risks are eliminated in longer periods. Nevertheless, the certainty equivalent coefficient still keeps decreasing progressively year by year. Similarly, the total coefficient of present value, e -kT , calculated based on the total discount rate k, also keeps decreasing progressively year by year. This implies that as time goes by, the larger part of its value is discounted out or the smaller part of its value remains. This reflects the rationality of the calculation. What should not be neglected is that the ZZ certainty equivalent model, ZZ certainty coefficient model, ZZ risk coefficient model, ZZ risk equivalent model, ZZ risk premium model, and the ZZ CAPM are mutually consistent in logic. In other words, discounting the certainty equivalent based on the risk free rate and discounting the forecasted cash flow based on the risk adjusted discount rate should yield the same result. For example, taking 25% as the volatility level, the discounting results adopting the two methods are as shown in Table 8 . In Table 8 , present value I and present value II are identical. The present value I (the fifth row in the table) results from discounting the forecasted cash flow at the risk adjusted discount rate, i.e., forecasted cash flow × e -kT , while the present value II (the eighth row in the table) results from discounting the certainty equivalent at the risk free rate, i.e., certainty equivalent × e -rT . Obviously, the ZZ certainty equivalent model or ZZ certainty coefficient model and the ZZ risk premium model or ZZ CAPM are mutually consistent.
Conclusion
It has become an accepted practice that the certainty equivalent, the certainty equivalent coefficient as well as the risk adjusted discount rate are all estimated via the subjective or experience-based method. To propose a more objective and empirical approach, this article establishes the ZZ certainty equivalent model, ZZ certainty coefficient model, ZZ risk coefficient model, ZZ risk equivalent model, ZZ risk premium model and ZZ CAPM. These models are mutually consistent in logic and capable of completing the related financial calculations, such as the estimation of the risk and equivalent, valuation of risk and NPV of an investment, understanding of the relationship between risk and return, and estimation of the risk-adjusted discount rate or required rate of return on an investment, etc. They are both sound in theory and feasible in practice, which can be used to assist managers in making financial decisions, as well as to improve related financial analysis, appraisal, and management.
